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Abstract
We provide a characterization of no-iteration distributive laws in
terms of its monads in extensive form only. To do that, it is necessary
to take account of both right and left extension systems. We also
give, in this right-left perspective, characterizations of the 1-cells and
2-cells in EM(K) and Kl(K).
1 Introduction
In Marmolejo & Wood [2010], it is established that a distributive law in a
2-category can alternatively be defined in extensive form (dispensing with
the iterates tt and ttt of the usual definition of a distributive law) as in
the monad case (see Manes, E. [1976], Exercise 1.3.12). However, the result
is (rather “would be” since a definition is not given; see Theorem 2.4) a
definition in terms of the algebras of one of the monads and in terms of the
other monad, both in extensive form. So we wondered if it was possible to
have a definition of a no-iteration distributive law not using the algebras
(as it is done in Marmolejo & Wood [2010]), but instead, using directly the
extensive form of the monads involved in the distributive law.
Such a definition is possible: we need take account of both right and left
extension systems.
When we speak of the 1-cells and the 2-cells in EM(K) andKl(K), where
K is a 2-category, we shall follow the nomenclature in Climent & Soliveres
[2010]. They denote EM(Cat) and Kl(Cat) as MndEM and MndKl, resp.
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In section 2, we present the prerequisites in order to provide a clear frame-
work for this the paper. In section 3, we treat in this right-left perspective
the 1-cells and 2-cells in EM(K) and in Kl(K). In section 4, we do the
same for distributive laws; this is where we give the sought definition (char-
acterization). In this section we also give a definition adapted to the case
K = Cat, and finally we provide a characterization in between that we think
could be useful to produce a more tractable definition for the pseudo case
and extend the results in Marmolejo & Wood [2013]
2 Monads
Definition 2.1. Let A be a category. A monad on A in monoidal form
consists of
(i) a functor T : A→ A,
(ii) a natural transformation η : 1A ⇒ T ,
(iii) a natural transformation µ : TT ⇒ T
such that the following diagrams commute:
T
ηT //
1   ❇
❇❇
❇❇
❇❇
❇ TT
µ

T
Tηoo
1~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
TTT
Tµ //
µT

TT
µ

T , TT µ
// T.
Definition 2.2 (Manes, E. [1976]). A monad in extensive form on a category
A consists of
(i) a map T : ObA→ ObA,
(ii) a family of arrows ηa : a→ Ta with a ∈ A,
(iii) a family of maps (−)Ta,b : A(a, T b)→ A(Ta, T b)
such that
1. (ηa)T = 1Ta,
2. for every f : a→ Tb the diagram
a
ηa //
f   ❆
❆❆
❆❆
❆❆
❆ Ta
fT

Tb
commutes,
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3. for every f : a→ Tb and every g : b→ Tc the diagram
Ta
fT //
(gTf)T !!❈
❈❈
❈❈
❈❈
❈ Tb
gT

Tc
commutes.
We call (−)T the extension operation of T .
Proposition 2.1. Let A be a category. There is a bijection between the
monads (T, η, µ) on A in monoidal form and the monads (T, η, (−)T) on A
in extensive form.
Proof. Let (T, η, µ) be a monad on A in monoidal form. Let f : a → Tb be
an arrow in A. Define
fT := µb ◦ Tf.
Conversely, let (T, η, (−)T) be a monad on A in extensive form. Let
f : a→ b be in A, and define
Tf := (ηb ◦ f)T and µa := (1Ta)
T.
In Marmolejo & Wood [2010], this situation is generalized, and there an
extension system is defined, so that a monad in a 2-category may be defined
alternatively in terms of an extension system. What we define as a left
pasting operator is called a pasting operator in Marmolejo & Wood [2010];
the same for a left extension system. This change of nomenclature will be
clearly justified below. Neither right pasting operators nor right extension
systems are mentioned there.
Definition 2.3 (Marmolejo & Wood [2010]). Let K be a 2-category. A left
pasting operator
(−)# : K(x, b)(1, s)→ K(x, c)(t, u)
is a family of functions
(−)#f,g : K(x, b)(f, sg)→ K(x, c)(tf, ug)
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that respects whiskering and blistering; i. e., ϑ#h = (ϑh)# and (ϑ · κ)# =
ϑ# · tκ, where whiskering is
z
h // x
f //
g
❄
❄❄
❄❄
❄❄
❄ ✤✤ ✤✤
 ϑ
b
a
s
@@        
and blistering is
x
f
//
g
❄
❄❄
❄❄
❄❄
❄
✤✤ ✤✤
 ϑ
  
✤✤ ✤✤
 κ
b
a
s
@@        
.
Dually, a right pasting operator
(−)# : K(b, y)(1, t)→ K(a, y)(s, u)
is a family of functions
(−)#f,g : K(b, y)(f, gt)→ K(a, y)(fs, gu)
that respects whiskering and blistering; i. e., hϑ# = (hϑ)# and (ϑ · κ)# =
ϑ# · κs, where whiskering is
b
f //
t
❂
❂❂
❂❂
❂❂
❂ ✤✤ ✤✤
 ϑ
y
h // z
c
g
@@✁✁✁✁✁✁✁✁
and blistering is
b
f
//
t
❂
❂❂
❂❂
❂❂
❂
✤✤ ✤✤
 ϑ

✤✤ ✤✤
 κ
y
c
g
@@✁✁✁✁✁✁✁✁
.
Lemma 2.1 (Marmolejo & Wood [2010]). Let K be a 2-category. For arrows
in K configured as in the following diagram
b
t
❃
❃❃
❃❃
❃❃
❃
a
s
@@✁✁✁✁✁✁✁✁
u
// c,
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left pasting operators
K(x, b)(1, s)→ K(x, c)(t, u)
are in bijective correspondence with 2-cells ts⇒ u.
Dually, right pasting operators
(−)# : K(b, y)(1, t)→ K(a, y)(s, u)
are in bijective correspondence with 2-cells ts⇒ u.
Proof. Given a left pasting operator
(−)# : K(x, b)(1, s)→ K(x, c)(t, u),
we have the 2-cell
(1s)
#
s,1a : ts⇒ u.
Any 2-cell ϑ : f ⇒ sg : x → b arises by whiskering 1s at x by g and by
blistering the result at sg by ϑ; i. e.,
ϑ# = (1s)
#g · tϑ; (1)
diagrammatically,
x
f //
g
❄
❄❄
❄❄
❄❄
❄ ✤✤ ✤✤
 ϑ
b = x g
//
f
""
a
s //
1a ❄
❄❄
❄❄
❄❄
❄ ✤✤ ✤✤
 1s
✤✤ ✤✤
 ϑ
b
a
s
@@        
a
s
@@        
.
That is, every K(x, b)(1, s) → K(x, c)(t, u) is completely determined by
(1s)
#
s,1a , and the latter can be any 2-cell ts ⇒ u. It follows that the as-
signment (−)# 7→ (1s)
#
s,1a is a bijection.
Dually, the assignment (−)# 7→ (1t)
#
t,1c for a right pasting operator (−)
#
is a bijection, whence we get the other correspondence. The dual equation
to (1) is
κ
# = k(1t)
#
· κs (2)
for κ : h⇒ kt : b→ y.
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Definition 2.4 (Marmolejo & Wood [2010]). Let K be a 2-category and
a ∈ K be an object of K. A left extension system on a consists of an arrow
s : a→ a, a 2-cell η : 1a ⇒ s and a left pasting operator
(−)s : K(x, a)(1, s)→ K(x, a)(s, s),
that we call the left s-extension operator, such that
1. ηs = 1s,
2. for every ϑ : f ⇒ sg : x→ a the diagram
f
ηf //
ϑ
❅
❅❅
❅❅
❅❅
❅ sf
ϑs

sg
commutes,
3. for every ϑ : f ⇒ sg : x→ a and every κ : g ⇒ sh : x→ a the diagram
sf
ϑs //
(κsϑ)s   ❆
❆❆
❆❆
❆❆
sg
κs

sh
commutes.
A right extension system on a consists of an arrow s : a → a, a 2-cell
η : 1a ⇒ s and a right pasting operator
(−)s : K(a, y)(1, s)→ K(a, y)(s, s),
that we call the right s-extension operator, such that
1. ηs = 1s,
2. for every ϑ : f ⇒ gs : a→ y the diagram
f
fη //
ϑ
❅
❅❅
❅❅
❅❅
❅ fs
ϑs

gs
commutes,
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3. for every ϑ : f ⇒ gs : a→ y and every κ : g ⇒ hs : a→ y the diagram
fs
ϑs //
(κsϑ)s   ❆
❆❆
❆❆
❆❆
gs
κs

hs
commutes.
Theorem 2.2 (Marmolejo & Wood [2010]). For a 2-cell η : 1a ⇒ s : a→ a
in a 2-category K, there is a bijection between (right) left extension systems
(s, η, (−)s) and monads (s, η, µ).
Proof. By Lemma 2.1, there is a bijection between (right) left pasting oper-
ators (−)s and 2-cells µ : ss ⇒ s. So, let (s, η, µ) be a monad on a in K.
The correspondence in Lemma 2.1 yields
ϑs := µg · sϑ
for ϑ : f ⇒ sg : x→ a and
κ
s := kµ · κs
for κ : h⇒ sk : a→ y.
Conversely, let (s, η, (−)s) be a (right) left extension system on a in K.
Then, Lemma 2.1 yields
µ := (1s)
s.
In Marmolejo, Rosebrugh, Wood [2002], there is a theorem (Proposition
3.5) establishing a bijective correspondence between distributive laws of a
monad s over a monad t in a 2-category K and s-algebras α : sts → s
satisfying the commutativity of certain diagrams. More precisely:
Proposition 2.3 (Marmolejo, Rosebrugh, Wood [2002]). Given two monads
(s, η′, µ′) and (t, η, µ) on a in a 2-category K, there is a bijective correspon-
dence between distributive laws λ : st ⇒ ts of (s, η′, µ′) over (t, η, µ) and
s-algebras α : sts ⇒ ts that satisfy the commutativity of the following dia-
grams:
sts2
stµ′ //
αs

sts
α

s2
sηs //
µ′

sts
α

st2s
stη′ts //
sµs

ststs
αts // tsts
tα // t2s
µs

ts2
tµ′
// ts s ηs
// ts sts α
// ts
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given by
λ ✤ // sts
λs // ts2
tµ′ // ts
and inverse given by
α ✤ // st
stη′ // sts
α // ts.
In Marmolejo & Wood [2010], algebras for a monad (s, η′, (−)s) in ex-
tensive form are defined too; they are also in extensive form. It is shown
there that the category of algebras with domain x of (s, η′, (−)s) and the
category of algebras with domain x of the monad (s, η′, µ′) corresponding to
(s, η′, (−)s) are isomorphic.
Using this and the previous theorem, Marmolejo & Wood [2010] gives a
theorem establishing a bijective correspondence:
Theorem 2.4 (Marmolejo & Wood [2010]). Let K be a 2-category, and
a ∈ K. Let (s, η′, (−)s) and (t, η, (−)t) be left extension systems on a. A
distributive law λ of (s, η′, µ′) over (t, η, µ), the corresponding monads in
monoidal form to s and t, resp., can be given as an s-algebra (ts, (−)λ) such
that for every γ : g ⇒ sh : x→ a and ϑ : f ⇒ tsg : x→ a the diagram
sf
ϑλ //
(tγs·ϑ)λ !!❈
❈❈
❈❈
❈❈
tsg
tγs

tsh
commutes,
(tη′ · η)λ = ηs
and for every ζ : k ⇒ tsu : y → a and every κ : u⇒ tsv : y → a the diagram
sk
ζλ //
((κλ)t·ζ)λ !!❉
❉❉
❉❉
❉❉
❉ tsu
(κλ)t

tsv
commutes.
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3 No-iteration monad morphisms
Proposition 2.2.6 in Manes & Mulry [2007] provides a bijective correspon-
dence involving monad Kl-morphims:
Proposition 3.1 (Manes & Mulry [2007]). Kleisli liftings F¯ : CH → DK
are in bijective correspondence with families λa : FHa→ KFa satisfying the
commutativity of
FHa
λa

Fa
FηHa
;;✇✇✇✇✇✇✇✇✇
ηKFa ##●
●●
●●
●●
●
KFa
and of
FHa
FfH //
λa

FHb
λb

KFa
(λb◦f)
K
// KFb
for f : a→ Hb, where (−)H is the extension operation of the monad H and
(−)K is the extension operation of the monad K.
If we paraphrase it in the context of a 2-category, we get the following.
Proposition 3.2. Let (c, s, η′, µ′) and (d, t, η, µ) be two monads in a 2-
category K. Let us call the triangle in the axioms for a monad Kl-morphism
Kl-compatibility for units (KlU)
ft
κ

f
fη
??        
η′f ❃
❃❃
❃❃
❃❃
❃
sf
and call the pentagon in those axioms Kl-compatibility for multiplications
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(KlM)
ftt
κt //
fµ

sft
sκ // ssf
µ′f

ft κ
// sf.
Then, there is a bijective correspondence between 2-cells κ : ft⇒ sf satisfy-
ing KlU, KlM and 2-cells κ : ft⇒ sf satisfying KlU and the commutativity
of the diagram
ftg
fϑt //
κg

fth
κh

sfg
(κh·fϑ)s
// sfh
for every 2-cell ϑ : g ⇒ th : x → d in K, where (−)t and (−)s are the
left pasting operators corresponding to the monads (d, t, η, µ) and (c, s, η′, µ′),
resp.
Definition 3.1. Given a 2-category K and a 2-cell κ : ft ⇒ sf in K, the
2-cell is called a no-iteration monad Kl-morphism (f, κ) from (−)t to (−)s
if κ satisfies KlU and the commutativity of the last diagram in the previous
proposition.
For K = CAT, we have the following definition for no-iteration monad
Kl-morphisms from a monad T to a monad S since clearly there is a bijec-
tion between these and the monad Kl-morphisms from T to S; this fact is
Proposition 2.2.6 in Manes & Mulry [2007].
Definition 3.2. Let (S, η′, (−)S) be a monad on B in extensive form and let
(T, η, (−)T) be a monad on A in extensive form. A no-iteration monad Kl-
morphism (or a monad Kl-morphism in extensive form) from (T, η, (−)T)
to (S, η′, (−)S) consists of a functor F : A → B and a family of arrows
κa : FTa→ SFa such that
1. for every a ∈ A the diagram
FTa
κa

Fa
Fηa
;;①①①①①①①①
η′Fa ##❋
❋❋
❋❋
❋❋
❋
SFa
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commutes,
2. for every f : a→ Tb in A the diagram
FTa
FfT //
κa

FTb
κb

SFa
(κb◦Ff)S
// SFb
commutes.
We have the analog for monad EM-morphisms in an arbitrary 2-category.
Proposition 3.3. Let (c, s, η′, µ′) and (d, t, η, µ) be two monads in a 2-
category K. Let us call the triangle in the axioms for a monad EM-morphism
EM-compatibility for units (EMU)
sf
ϕ

f
η′f
??        
fη ❃
❃❃
❃❃
❃❃
❃
ft
and call the pentagon in those axioms EM-compatibility for multiplications
(EMM)
ssf
sϕ //
µ′f

sft
ϕt // ftt
fµ

sf ϕ
// ft.
Then, there is a bijective correspondence between 2-cells ϕ : sf ⇒ ft satisfy-
ing EMU, EMM and 2-cells ϕ : sf ⇒ ft satisfying EMU and the commuta-
tivity of the diagram
gsf
ϑsf //
gϕ

hsf
hϕ

gft
(hϕ·ϑf)t
// hft
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for every 2-cell ϑ : g ⇒ hs : c → y in K, where (−)t and (−)s are the right
pasting operators corresponding to the monads (d, t, η, µ) and (c, s, η′, µ′),
resp.
Proof. Let ϕ : sf ⇒ tf be a 2-cell in K satisfying EMU and EMM. Let
ϑ : g ⇒ hs : c→ y be a 2-cell in K. Then,
c
g
❃
❃❃
❃❃
❃❃
❃
c
s
❂
❂❂
❂❂
❂❂
❂
s
??         ✤✤ ✤✤
 ϑs y
=
d
f
@@✁✁✁✁✁✁✁✁
t ❂
❂❂
❂❂
❂❂
❂
✤✤ ✤✤
 ϕ c
h
@@✁✁✁✁✁✁✁✁
d
f
@@✁✁✁✁✁✁✁✁
c
s
❂
❂❂
❂❂
❂❂
❂
g //
✤✤ ✤✤
 ϑ
y
d
f //
t ❂
❂❂
❂❂
❂❂
❂ c s
//
s
@@✁✁✁✁✁✁✁✁
✤✤ ✤✤
 µ
′
c
h
@@✁✁✁✁✁✁✁✁
=
✤✤ ✤✤
 ϕ
d
f
88♣♣♣♣♣♣♣♣♣♣♣♣♣♣
c
s
❂
❂❂
❂❂
❂❂
❂
d
f
@@✁✁✁✁✁✁✁✁
t
❁
❁❁
❁❁
❁❁
❁
✤✤ ✤✤
 ϕ
t
..
⑥⑥z µ
c
g //
s
❁
❁❁
❁❁
❁❁
❁ ✤✤ ✤✤
 ϑ
y =
d
f
@@✂✂✂✂✂✂✂✂
t ❂
❂❂
❂❂
❂❂
❂
✤✤ ✤✤
 ϕ c
h
AA✂✂✂✂✂✂✂✂
d
f
@@✁✁✁✁✁✁✁✁
c
s
❂
❂❂
❂❂
❂❂
❂
d
f
@@✁✁✁✁✁✁✁✁
t
//
✤✤ ✤✤
 ϕ
t
❁
❁❁
❁❁
❁❁
❁ d f
//
✤✤ ✤✤
 (hϕ·ϑf)
t
c
g // y
d
f
// c
h
AA✂✂✂✂✂✂✂✂
.
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Conversely, suppose ϕ : sf ⇒ ft is a 2-cell in K satisfying EMU and the
commutativity of the last diagram in the proposition.
If ϑ = 1s in the sequence of equations above, then we get the result.
Definition 3.3. Given a 2-category K and a 2-cell ϕ : sf ⇒ ft in K, the
2-cell is called a no-iteration monad EM-morphism (f, ϕ) from (−)t to (−)s
if ϕ satisfies EMU and the commutativity of the last diagram in the previous
proposition.
Proposition 3.4. Let (c, s, η′, µ′) and (d, t, η, µ) be two monads in a 2-
category K. Let (−)t and (−)s be the left pasting operators correspond-
ing to the monads (d, t, η, µ) and (c, s, η′, µ′), resp. Let ϕ : ft ⇒ sf and
ϕ′ : f ′t ⇒ sf ′ be 2-cells in K. Then, there is bijective correspondence be-
tween 2-cells χ : f ′ ⇒ sf satisfying the commutativity of the diagram
f ′t
ϕ′ //
χt

sf ′
sχ // ssf
µ′f

sft sϕ
// ssf
µ′f
// sf
and 2-cells χ : f ′ ⇒ sf satisfying the commutativity of the diagram
f ′t
ϕ′ //
χt

sf
χs

sft
ϕs
// sf.
(3)
Definition 3.4. Let (c, s, η′, µ′) and (d, t, η, µ) be two monads in a 2-category
K. Let (−)t and (−)s be the left pasting operators corresponding to the
monads (d, t, η, µ) and (c, s, η′, µ′), resp. Let ϕ : ft⇒ sf and ϕ′ : f ′t⇒ sf ′
be no-iteration monad Kl-morphisms. A 2-cell χ : f ′ ⇒ sf in K satisfying
(3) is called a no-iteration Kl-transformation from (f, ϕ) to (f ′, ϕ′).
Proposition 3.5. Let (c, s, η′, µ′) and (d, t, η, µ) be two monads in a 2-
category K. Let (−)t and (−)s be the right pasting operators correspond-
ing to the monads (d, t, η, µ) and (c, s, η′, µ′), resp. Let ϕ : sf ⇒ ft and
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ϕ′ : sf ′ ⇒ f ′t be 2-cells in K. Then, there is bijective correspondence be-
tween 2-cells ̺ : f ⇒ f ′t satisfying the commutativity of the diagram
sf
ϕ //
s̺

ft
̺t // f ′tt
f ′µ

sf ′t
ϕ′t
// f ′tt
f ′µ
// f ′t
and 2-cells ̺ : f ⇒ tf ′ satisfying the commutativity of the diagram
sf
ϕ //
s̺

ft
̺t

sf ′t
ϕ′t
// f ′t.
(4)
Proof. We have
c
s
❃
❃❃
❃❃
❃❃
❃
d
f
??       
t
❂
❂❂
❂❂
❂❂
❂
t
99
✤✤ ✤✤
 ϕ
✍✍✍✍ µ
c =
d
f
@@✁✁✁✁✁✁✁✁ t //
❆❆
$
̺
d
f ′
OO
c
s
❅
❅❅
❅❅
❅❅
❅
d
f
??        t //
❅❅
$
̺
t ,,
⑥⑥z µ
d
f ′
OO
t
❄
❄❄
❄❄
❄❄
✤✤ ✤✤
 ϕ
′ c
d.
f ′
OO
Definition 3.5. Let (c, s, η′, µ′) and (d, t, η, µ) be two monads in a 2-category
K. Let (−)t and (−)s be the right pasting operators corresponding to the
monads (d, t, η, µ) and (c, s, η′, µ′), resp. Let ϕ : sf ⇒ ft and ϕ′ : sf ′ ⇒ f ′t
be no-iteration monad EM-morphisms. A 2-cell ̺ : f ⇒ f ′t in K satisfying
(4) is called a no-iteration EM-transformation from (f, ϕ) to (f ′, ϕ′).
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4 No-iteration distributive laws
So there is another way to get a no-iteration version of a distributive law,
one without passing through the algebras:
Definition 4.1. Let K be a 2-category and a ∈ K. Let (s, η′, (−)s) be a
right extension system on a and (t, η, (−)t) be a left extension system on
a. A no-iteration distributive law or a distributive law in extensive form of
(s, η′, (−)s) over (t, η, (−)t) is a 2-cell λ : st⇒ ts such that
1. the diagrams
st
λ

st
λ

s
sη
??⑧⑧⑧⑧⑧⑧⑧⑧
ηs ❄
❄❄
❄❄
❄❄
t
η′t
??⑧⑧⑧⑧⑧⑧⑧⑧
tη′ ❄
❄❄
❄❄
❄❄
❄
ts ts
commute,
2. for every 2-cell ϑ : f ⇒ tg : x→ a the diagram
stf
sϑt //
λf

stg
λg

tsf
(λg·sϑ)t
// tsg
commutes,
3. for every 2-cell κ : h⇒ ks : a→ y the diagram
hst
κ
st //
hλ

kst
kλ

hts
(kλ·κt)s
// kts
commutes.
Proposition 4.1. Let K be a 2-category and a ∈ K. There is a bijec-
tive correspondence between distributive laws of (s, η′, µ′) over (t, η, µ), mon-
ads on a, and no-iteration distributive laws of the right extension system
(s, η′, (−)s) over the left extension system (t, η, (−)t), where the latter corre-
spond to (s, η′, µ′) and (t, η, µ), resp.
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Proof. Let λ : st ⇒ ts be a distributive law of (s, η′, µ′) over (t, η, µ). Let
(s, η′, (−)s) be the right extension system corresponding to (s, η′, µ′) and let
(t, η, (−)t) be the left extension system corresponding to (t, η, µ).
It is clear that Axiom 1 in Definition 4.1 holds.
Let ϑ : f ⇒ tg : x→ a be a 2-cell in K. Then, by compatibility of λ with
multiplication µ,
x
f //
g
  ❅
❅❅
❅❅
❅❅ ✤✤ ✤✤
 ϑ
a
t //
s
❅
❅❅
❅❅
❅❅
  | λ
a
s

a
t
??⑦⑦⑦⑦⑦⑦⑦
s
❅
❅❅
❅❅
❅❅
✤✤ ✤✤
 λ a
t
❅
❅❅
❅❅
❅❅
=
a
t
??⑦⑦⑦⑦⑦⑦⑦
t
//
✤✤ ✤✤
 µ
a
x
f //
g
  ❅
❅❅
❅❅
❅❅ ✤✤ ✤✤
 ϑ
a
t
  ❆
❆❆
❆❆
❆❆
❆
a
t
??⑦⑦⑦⑦⑦⑦⑦
t
//
s

✤✤ ✤✤
 µ
✎✎✎✎ λ
a
s

a
t
// a;
so Axiom 2 in Definition 4.1 holds for λ.
Likewise, by compatibility of λ with µ′, Axiom 3 holds.
Conversely, let λ : st ⇒ ts be a 2-cell in K such that it is a no-iteration
distributive law of a right extension system (s, η′, (−)s) over a left extension
system (t, η, (−)t).
Trivially, λ is compatible with the unit of s and that of t. By Equation (1),
λt = (1t)
ts · tλ;
so if ϑ = 1t in Axiom 2 for a no-iteration distributive law, then we have the
compatibility of λ with (1t)
t, the multiplication of the monad (t, η, (1t)
t).
Analogously, by Equation (2),
λs = t(1s)
s
· λs;
so if κ = 1s in Axiom 3 for a no-iteration distributive law, then we have the
compatibility of λ with (1s)
s, the multiplication of the monad (s, η′, (1s)
s).
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Since A ∼= Cat(1, A) for every category A ∈ Cat, the previous definition
for Cat becomes:
Definition 4.2. Let (S, η′, (−)S) be a right extension system on a category
A and let (T, η, (−)T) be a monad on A in extensive form. A no-iteration
distributive law (or a distributive law in extensive form) of (S, η′, (−)S) over
(T, η, (−)T) consists of a family of arrows λa : STa→ TSa such that
1. for every a ∈ A the diagrams
STa
λa

STa
λa

Sa
Sηa
<<①①①①①①①①
ηSa ""❋
❋❋
❋❋
❋❋
❋ Ta
η′Ta
<<①①①①①①①①
Tη′a ""❋
❋❋
❋❋
❋❋
❋
TSa TSa
commute,
2. for every f : a→ Tb in A the diagram
STa
SfT //
λa

STb
λb

TSa
(λb◦Sf)T
// TSb
commutes,
3. for every natural transformation κ : H ⇒ KS : A → Y and every
a ∈ A the diagram
HSTa
κSTa //
Hλa

KSTa
Kλa

HTSa
(Kλ·κT )Sa
// KTSa
conmutes.
And we get the proposition:
Proposition 4.2. Let A be a category. There is a bijective correspondence
between distributive laws of (S, η′, µ′) over (T, η, µ), monads on A, and no-
iteration distributive laws of the right extension system of (S, η′, (−)S) over
the monad (T, η, (−)T) in extensive form.
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Proof. Let λ : ST ⇒ TS be a distributive law of (S, η′µ′) over (T, η, µ),
monads on A. Let (S, η′, (−)S) be the right extension system corresponding
to the monad (S, η′µ′) and let (T, η, (−)T) be the monad in extensive form
corresponding to (T, η, µ).
Axiom 1 in Definition 4.2 trivially holds for the family of arrows λa :
STa→ TSa.
Now let f : a→ Tb be an arrow inA. Consider the natural transformation
1
a //
b ❄
❄❄
❄❄
❄❄ ✤✤ ✤✤
 f
A
A
T
??⑧⑧⑧⑧⑧⑧⑧⑧
and paste as in the proof of Proposition 4.1. So Axiom 2 in Definition 4.2
holds.
The proof for Axiom 3 is the same as the corresponding one in Proposi-
tion 4.1.
Conversely, let (S, η′, (−)S) be a right extension system on A and let
(T, η, (−)T) be a monad on A in extensive form. Let λ be a no-iteration
distributive law of (S, η′, (−)S) over (T, η, (−)T).
Compatibility of λ with η′ and η trivially holds.
Note that
CAT(1, A)(a, T b) ∼= A(a, T b);
whence, if we denote, as [−]T, the T-left extension operator induced by the
monad (T, η, µ) induced by the monad (T, η, (−)T) in extensive form, we
have that
(−)Ta,b : A(a, T b)→ A(Ta, T b)
is
[−]Ta,b : CAT(1, A)(a, T b)→ CAT(1, A)(Ta, T b).
Therefore, by the proof for the compatibility of λ with µ in Proposition 4.1,
we have the compatibility of λ with µ in this case.
Let us see that λ is a natural transformation. Let h : c→ d be an arrow
in A. Then,
λd ◦ STh = λd ◦ S(ηd ◦ h)T
= (λd ◦ Sηd ◦ Sh)T ◦ λc Definition 4.2(2)
= (ηSd ◦ Sh)T ◦ λc Definition 4.2(1)
= TSh ◦ λc.
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The compatibility of λ with µ′ follows from Proposition 4.1.
Observation 4.1. Theorem 2.4 and Proposition 4.1 give us a character-
ization in between. Let K be a 2-category and a ∈ K. A no-iteration
distributive law of the left extension system (s, η′, (−)s) on a over the left
extension system (t, η, (−)t) on a is an s-algebra (ts, (−)λ) such that
1. for every γ : g ⇒ sh : x→ a and ϑ : f ⇒ tsg : x→ a the diagram
sf
ϑλ //
(tγs·ϑ)λ !!❈
❈❈
❈❈
❈❈
tsg
tγs

tsh
commutes,
2. the diagram
st
λ

s
sη
>>⑦⑦⑦⑦⑦⑦⑦⑦
ηs   ❅
❅❅
❅❅
❅❅
ts
commutes and
3. for every ν : u⇒ tv : y → a the diagram
stu
sνt //
λu

stv
λv

tsu
(λv·sν)t
// tsv
commutes,
where λ := (tη′)λ in 2 and 3.
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